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Quantum dipolar realizations
Theoretical interest on a many-body quantum system of dipoles
driven by recent experimental activity on two different fields

BEC gases composed by atoms with relatively high dipole
moments; also molecules.

Spatially indirect excitons with, for instance, two coupled
quantum wells.

New quantum phenomena is expected due to the (quasi-)long
range of the interaction and its anisotropy,

V (r) =
Cdd

4π

1 � 3 cos2 θ

r3

q

r
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Dipolar gases
The strength of the dipole-dipole interaction is quantified by the
adimensional parameter

εdd =
add

a
with add =

Cddm

12π~2

and a the s-wave scattering length.

� Achieved BEC of 52Cr with a magnetic dipole moment of 6µB

( Cdd = µ0µ
2 ), and εdd ' 0.16.

� Feshbach resonances in 52Cr allow for decreasing the
scattering length by applying a magnetic field =) Dipole
interaction dominates.
� Stability enhanced by using very tight pancake traps =) 2D
geometry.

� Polar molecules with strong electric dipole
moment (Cdd = d2/ε0). For instance, KRb (d = 0.6 D) or HCN
(d = 3.0D). In these cases, εdd = 20 � 200; much stronger effects.
� But, experimental problems to arrive to quantum degeneracy
(temperature, density).
� Also proposals to use Rydberg atoms.

Seereview T. Lahayeetal., arXiv:0905.0386v1
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Excitons
Bound electron-hole pairs (excitons) in semiconductors at low
temperatures (T � 1 K) may form a sort of composite Bose gas
and might experience Bose-Einstein condensation. The spatial
separation between electron and hole increases exciton lifetime.

If the size of an exciton pair is much smaller than the distance
between excitons such a pair acts as a dipole.

In this case, Cdd = e2D2/ε, with D the e-h separation, and ε the
dielectric constant.
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Two-dimensional model
Model: homogeneous two-dimensional dipolar gas with all
the dipoles µ polarized and perpendicular to the plane.

Hamiltonian

H =
� ~2

2m

N∑

i =1

∇2
i +

Cdd

4π

N∑

i<j

1

r3
ij

Reduced units: length, r0 = mCdd/(4π~2); energy,
E0 = ~2/(mr2

0). Then, the properties of the homogeneous
system depend on nr2

0, with n the density.

Method: fully microscopic approach ) Diffusion Monte
Carlo
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Diffusion Monte Carlo (DMC)
Starting point: Schrödinger equation for N particles
in imaginary time

�
∂Ψ(R , t)

∂t
= (H � E)Ψ(R , t)

WALKER � ! R = (r 1, . . . , r N )

Expanding Ψ(R , t),

Ψ(R , t) =
∑

n

cn exp[� (En � E)t] Φn (R )

with
H Φn(R ) = En Φn(R )

When t ! 1 =) Φ0(R ): GROUND STATE
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DMC . . .
To decrease the variance: Importance Sampling

f(R , t) = ψT (R )Ψ(R , t)
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A1: Free term: isotropic diffusion with constant

D =
~2

2m
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DMC . . .
To decrease the variance: Importance Sampling

f(R , t) = ψT (R )Ψ(R , t)

Schrödinger equation for f(R , t)
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∂t
= � D∇2

Rf(R , t) + D∇R(F (R )f(R , t))
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A2: Drift term under the drift or quantum force
(velocity)

F (R ) = 2ψT (R )� 1∇RψT (R )
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DMC . . .
To decrease the variance: Importance Sampling

f(R , t) = ψT (R )Ψ(R , t)

Schrödinger equation for f(R , t)

�
∂f(R , t)

∂t
= � D∇2

Rf(R , t) + D∇R(F (R )f(R , t))

+ (EL (R ) � E)f(R , t)

A3: Branching term according to the local energy

EL (R ) = ψT (R )� 1H ψT (R )
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DMC . . .
In a compact form,

�
∂f(R , t)

∂t
� (A1 +A2 +A3)f(R , t) � Af(R , t)

Formal solution,

f(R 0, t+ ∆t) =

∫
dR G(R 0,R ,∆t) f(R , t)

with the Green’s function

G(R 0,R ,∆t) = hR 0j exp(� A∆t) j R i

DMC relies on
A short–time approximation for G(R 0,R ,∆t)

Iteration of the integral equation to obtain
f(R , t ! 1 )
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Trial wave function
� A Bijl-Jastrow-Nosanow trial wave function

ψT (R ) =

N∏

i =1

f1(ri )

N∏

i<j

f2(rij )

� Two-body correlation factor,

f2(r) = C1K0(2/
p
r) for r < rm

f2(r) = C2 exp

(
�
C3

r
�

C3

L � r

)
for r � rm

� One-body term,

f1(r) = 1 gas

f1(r) = exp[� α(ri � rs
i )2] solid
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Size dependence: quasi-long range
The dipole-dipole interaction decays quite slowly =) Relevant
size corrections

Standard correction, (E/N)T = n
2

∫ 1
L=2 V (r)2πr dr = Cddn3/2

2
p

N
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Size dependence: quasi-long range
The dipole-dipole interaction decays quite slowly =) Relevant
size corrections

Standard correction, (E/N)T = n
2

∫ 1
L=2 V (r)2πr dr = Cddn3/2

2
p

N

Fit:
E = Eth + c/

p
N
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Equation of state
Ground-state energy per particle for the gas and solid phases. In
units [~2/(mr2

0)]/(nr2
0)3=2.

E/N = a1(nr2
0)3=2 + a2(nr2

0)5=4 + a3(nr2
0)1=2

G. E. Astrakharchik,J.B., I. L. Kurbakov, andJ.Casulleras,PRL98, 060405

(2007)
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Gas-solid phase transition
Double-tangent Maxwell construction to determine the phase
transition point: Freezing and melting densities
undistinguishable within error bars

Phase transition point: nr2
0 = 290 � 30

Lindemann ratio at transition: γ = 0.230 � 0.006

RPMBT15’09 – p.12/33



Static structure function
Evolution with density of S(k) for the gas phase (lines). The
points correspond to the solid phase.
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Condensate fraction
In spite of being 2D, there is a condensate fraction since T = 0.

It is obtained from the long-range behavior of the one-body
density matrix ρ(r), n0 = limr !1 ρ(r).
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Excitations: Feynman approximation
A first glance on the excitation spectrum can be obtained using
Feynman approximation, εF (k) = ~2k2/2mS(k).

Upper bound to the exact energies but quantitatively inaccurate,
mainly when the density increases.
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Excitations: QMC-CBF
Improvedresultsfor ε(k) areobtainedby usingCBF theory. More

importantly, accessto thefull dynamicresponseS(k, ω).

In CBF,

S(k; ! ) = �
1
�

Im
S(k)

~! � � F (k) � �( k; ! ) + i�

Self-energy,

�( k; ! ) =
1
2

Z
dp dq
(2� )3�

� (k + p + q)jV3(k ; p; q)j2

~! � � F (p) � � F (q) + i�

with thematrixelement

V3(k; p; q) =
~2

2m

s
S(p)S(q)

S(k)

h
k � pX (p) + k � qX (q) � k2u3(k ; p; q)

i

written in termsof thedirectcorrelationfunctionX(k) = 1 � 1/S(k).

QMC input for S(k)
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QMC-CBF: Results
S(k, ω) at different densities. The green squares are the Feynman
spectrum εF (k)

F. Mazzanti,R. E. Zillich, G. E. Astrakharchik,andJ.B., PRL102, 110405

(2009) RPMBT15’09 – p.17/33



QMC-CBF: Results
S(k, ω) at different densities for k values in the phonon (top) and
roton (bottom) regions. Comparison with Feynman (squares) and
Bogoliubov (stars) approximations.
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QMC-CBF: Results
CBF phonon-roton spectrum for increasing densities
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The roton minimum starts to appear at nr2
0 ' 4.

The energy of the roton decreases but does not become zero,
even at high density. Different from the instability predicted due
to the attractive part of the dipole-dipole interaction (L. Santoset

al., PRL90, 250403(2003).) RPMBT15’09 – p.19/33



Low and extremely low densities
Contrarily to 3D and 1D, the universal equation of state of 2D at
low densities has been historically more involved.

Mean-field contribution: Schick (1971)

µMF = g2Dn =
4π~2n

m

1

j lnna2j

Integrating over the number of particles,

EMF

N
=

2πn~2/m

j lnna2j + 1/2 � 1/(4j ln na2j) + � � �
'

1

2
g2Dn

Expansion in terms of lnna2 =) Very slow convergence
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Beyond mean-field
Several theoretical predictions with different predictions

year �rst author type terms

1971 Schick MF EMF =N = 2� ~2n=(mj ln na2j)

1971 Popov BMF ln j ln na2j � ln 4� � 1=2

1978 Lozovik BMF ln j ln na2j � ln 4� + 1=2

1978 Hines BMF ln j ln( na2=� )j � ln 2� 3 � 2
 + 3=2

1988 Fisher BMF ln j ln na2j � ln 4� � 1=2

1992 Kolomeisky BMF ln j ln(4 � na2)j � ln 4�

1993 Ovchinnikov BMF ln j ln na2j

2001 Lieb MF EMF =N = 2� ~2n=(mj ln na2j)

2001 Cherny BMF ln j ln na2j � ln � � 2
 � 1=2

2002 Andersen BMF ln j ln na2j � ln 4� � 1=2

2003 Mora BMF ln j ln na2j � ln � � 2
 � 1=2

2005 Pilati BMF 0:86 ln j ln na2j � 2:26

Literatureoverview: equationof stateof adilute two-dimensionalBose

gas RPMBT15’09 – p.21/33



Beyond mean-field
Overall agreement in the form

E

N
=

2πn~2/m

j lnna2j + C1 ln j lnna2j + C2 + � � �

with C1 = 1

We have carried out extensive calculations with 2D dipoles down
to very low densities to discern among the different theoretical
predictions (G. E. Astrakahrchiketal., PRA79, 051602(R)(2009)).

Our DMC results agree with the value C2 = � lnπ � 2γ � 1/2 for
ln j lnna2j � 3. In agreement with Cherny, Mora, and
Pricoupenko
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Beyond mean-field
A systematic improvement of BMF effects is provided by
Cherny & Shanenko: the energy is written in powers of a
scattering amplitude u that satisfies 1/u+ lnu = � ln(πna2).

Final expression for the energy,

E

N
=

2πn~2/m

j lnna2j + ln j lnna2j + C2 +
ln j ln na2j+ C0

2
j ln na2j + � � �

with
C2 = � lnπ � 2γ � 1/2

and
C0

2 = � 0.05
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Beyond mean-field: DMC results
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Beyond mean-field: DMC results

The inset shows the prediction (LDA) for the frequency Ω of the
lowest breathing mode in tight transverse harmonic confinement.
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From 1D to 2D
� Motivation: Possible structural phase transitions as the
well-known ones in Coulomb systems: linear-zigzag,
zigzag-multiple chains.

� Comparison between classical (MC, Stability theory) and
quantum theory (QMC).

� Hamiltonian

H = �
1

2

N∑

i =1

∇2
i +

N∑

i =1

y2
i + r̃0

N∑

i<j

1

r3
ij

with unit length aho =
√

~/mνt and r̃0 = r0/aho

G. E. Astrakahrchik,G. Morigi, G. DeChiara,J.B., PRA78, 063622

(2008)
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Classical vs. Quantum

Radial width
√

hy2i /aho as a function of ñ = naho for the
classical dipolar gas at T = 0 and ñr̃0 = 3 close to linear–zigzag

transition.
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Classical vs. Quantum

Radialdensitypro�le n(y) for �x ed~n?~r 0 = 3 andatdifferentvaluesof ~n.

Thischoiceof theparameterscorrespondsto effectively changingthe

frequency of theharmoniccon�nement.For theseparameters,thevalueat

which theclassicalphasetransitionoccursis ~nc ' 0:408.
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Classical vs. Quantum

Classicalsimulation,

T > 0
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Classical vs. Quantum

Quantumsimulation,

T = 0

Quantum�uctuationsdestroys classicalorderandaresimilar to

classicalresultsat temperatureT ' 0.5
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Classical vs. Quantum
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Classical vs. Quantum

�2.5 �2 �1.5 �1 �0.5 0 0.5 1 1.5 2
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�1

0

1

2

   k
x
 , [2 p n]

   
k y , 
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 p

 / 
b

]

   S(k
x
 , k

y
 )

Quantumsimulationathigherdensity,

T = 0

Again,quantum�uctuationsplayasimilar role to temperaturein the

classicalsystem.A mesoscopiczig-zagstructureis alsoobserved.
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Remarks
Quantum Monte Carlo has allowed for an accurate
microscopic description of the many-body physics of
two-dimensional quantum dipoles:

Gas-solid phase transition

Excitation spectrum, based on the grounds of CBF
theory. Emergence of the roton

Transition form 1D to 2D: mesoscopic structures

Next future:

Full interaction, including attraction, to establish the
phase diagram

Fermions

Use of high-order PIGS (arXiv:0907.3998)

THANKS FOR YOUR ATTENTION!
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